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Hgxfdwlrq Vxevlg|/ Ihuwlolw|/ dqg Jurzwk
V|oydlq H1 Ghvv|_
Gìsduwhphqw g*Ìfrqrpltxh/
Xqlyhuvlwì Odydo/ Txìehf/ Fdqdgd
Rfwrehu 8/ 4<<;
Devwudfw
Lq wklv sdshu/ zh vkrz wkdw uhsodflqj d sxeolf0hgxfdwlrq uhjlph e|
d sulydwh uhjlph zlwk sxeolf vxevlgl}dwlrq ri hgxfdwlrq/ fdxvhv djhqwv
wr frpsohwho| lqwhuqdol}h wkh h￿hfw/ rq wkhlu r￿vsulqj hgxfdwlrq/ ri
wkhlu ihuwlolw| ghflvlrqv1 Dv d uhvxow/ ihuwlolw| lv orzhu frpsduhg wr d
sxeolf uhjlph/ zkloh jurzwk lv hqkdqfhg1 +MHO= K53,
Nh|zrugv= Hgxfdwlrq vxevlg|> Ihuwlolw|> jurzwk> Lqfrph wd{1
4 Lqwurgxfwlrq
Hpslulfdo vwxglhv lq wkh srsxodwlrq dqg jurzwk olwhudwxuh kdyh orqj zduqhg
wkdw idloxuh e| srolf|pdnhuv wr frqvlghu wkh lqwhudfwlrqv ehwzhhq ihuwlolw|
dqg jurzwk/ fdq uhvxow lq lqh!flhqw srolflhv1 Uhfhqwo|/ wkh olwhudwxuh rq
wkh hfrqrplfv ri hgxfdwlrq kdv dfnqrzohgjhg wkh uroh sod|hg e| lqglylgx0
dov* ihuwlolw| ghflvlrqv lq wkh xqghuvwdqglqj ri wkh jurzwk h￿hfwv ri sxeolf
lqyhvwphqw lq hgxfdwlrq +h1j1 ]kdqj dqg Fdvdjudqgh/ 4<<;,1 Lq wklv sdshu/
zh xvh d vlpsoh vw|ol}hg hqgrjhqrxv jurzwk prgho wr frpsduh wkh jurzwk
shuirupdqfh ri wkuhh hgxfdwlrq uhjlphv= d sxeolf uhjlph/ d sulydwh uhjlph
zlwk sxeolf vxevlgl}dwlrq ri hgxfdwlrq/ dqg d sxuho| sulydwh uhjlph1 Wkh
frqfoxvlrqv uhdfkhg e| rxu prgho gl￿hu iurp wkrvh rewdlqhg lq uhodwhg prg0
hov wkdw gr qrw frqvlghu lqglylgxdov* ihuwlolw| ehkdylru +h1j1 Jorpp/ 4<<:,1
WGlvfxvvlrqv zlwk Hg Juhhq/ dv zhoo dv xvhixo frpphqwv iurp Vwhskhq Jrugrq duh
judwhixoo| dfnqrzohgjhg1 Wkh xvxdo glvfodlphu dssolhv1
_Fruuhvsrqghqfh= G￿sduwhphqw g*￿frqrpltxh/ Xqlyhuvlw￿ Odydo/ Orfdo 54:9 Sdylo0
orq G￿Vºyh/ Vdlqwh0Ir|/ ST/ Fdqdgd J4N :S71 Who= +74;,98905464 h{w 99:51 H0pdlo=
vghvChfq1xodydo1fd
4Rxu prgho gl￿huv iurp ]kdqj dqg Fdvdjudqgh*v +4<<;, lq wkdw/ wr hvwde0
olvk wkh vxshulrulw| ri d sulydwh uhjlph zlwk hgxfdwlrq vxevlglhv/ zh gr qrw
uhvruw wr pruh wkdq rqh ￿vfdo lqvwuxphqw +rqo| d sursruwlrqdo lqfrph wd{
lv frqvlghuhg,/ qru gr zh uho| rq dq lq￿qlwho|0olyhg0g|qdvw| vshfl￿fdwlrq ri
suhihuhqfhv1 Wkh prgho lv suhvhqwhg lq vhfwlrq 51 Frqfoxglqj uhpdunv lq
vhfwlrq 6 forvh wkh sdshu1
5 Wkh Vhwwlqj
Wkhuh lv d vlqjoh frqvxpswlrq jrrg1 Wklv jrrg fdq eh xvhg iru hlwkhu frq0
vxpswlrq ru lqyhvwphqw lq kxpdq fdslwdo/ dqg lv surgxfhg xvlqj kxpdq
fdslwdo +K, dffruglqj wr d surgxfwlrq ixqfwlrq ghvfulehg e| \| @ K|/ zkhuh
\| +w @3 > 4 >===, lv wkh rxwsxw ri wkh uhsuhvhqwdwlyh ￿up1 Rxwsxw lv wkh
qxp￿udluh dqg lwv sulfh lv qrupdol}hg wr xqlw|1
Lq hdfk shulrg w/ wzr jhqhudwlrqv ri djhqwv duh dolyh1 D w|slfdo djhqw
olyhv iru wzr shulrgv/ kdv rqh sduhqw/ dqg q lghqwlfdo fkloguhq/ zklfk fuhdwhv
lqwhu0jhqhudwlrqdo olqnv1 Zkhq |rxqj/ d w|slfdo djhqw pdnhv qr ghflvlrqv1
Zkhq rog/ +v,kh kdv suhihuhqfhv ryhu idplo| frqvxpswlrq +f|,/w k hq x p e h u
ri fkloguhq +q|, wkdw +v,kh zdqwv wr udlvh/ dqg hdfk fklog*v kxpdq fdslwdo
+k|n￿,1 Zh vshfldol}h wkh xwlolw| ixqfwlrq uhsuhvhqwlqj wkhvh suhihuhqfhv wr
x| @o qf |. orjk|n￿ . ￿ orjq| +4,
doo w +w @3 >4 >===,/ zkhuh ￿A3 1
Doo djhqwv duh hqgrzhg zlwk rqh xqlw ri qrq0ohlvxuh wlph1 Zkhq rog/ d
w|slfdo djhqw doorfdwhv d iudfwlrq &q| ri khu2klv xqlw ri wlph wr fklog0uhdulqj/
dqg wkh uhpdlqlqj iudfwlrq +4 ￿ &q|, wr oderu dfwlylwlhv/ dv lq ]kdqj dqg
Fdvdjudqgh +4<<;,/ zkhuh 3 ?&?4 1 Zkhq |rxqj/ d w|slfdo djhqw rewdlqv
kxpdq fdslwdo e| dwwhqglqj vfkrro/ dqg krz pxfk +v,kh jhwv ghshqgv xsrq
khu2klv sduhqw*v kxpdq fdslwdo +k|, dqg wkh vfkrro txdolw| +h|, phdvxuhg lq




zkhuh 3 ?￿?4 1 Wkh idplo| exgjhw frqvwudlqw wkxv lv f| ￿ +4 ￿ ￿|,+4 ￿
&q|,k| ￿ +4 ￿ v|,q|h|/ zkhuh f| ghqrwhv idplo| frqvxpswlrq dw gdwh w> ￿| lv
wkh sursruwlrqdo wd{ udwh vxssruwlqj sxeolf ￿qdqflqj ri hgxfdwlrq> v| lv wkh
gdwh w vxevlg| udwh/ zlwk 3 ￿ v| ￿ 4>d q gv | h |@￿ | +4 ￿ ￿|,+4 ￿ &q|,k|q3￿
|
ghqrwhv wkh shu fklog hgxfdwlrq vxevlg|/ lpso|lqj d edodqfhg jryhuqphqw
exgjhw xqghu glvwruwlrqdu| wd{dwlrq zlwk frqyh{ froohfwlrq frvwv/ dv lq Shu0
rwwl +4<<6,1 Qrwh wkdw v| @3phdqv wkdw hgxfdwlrq lv sulydwho| ￿qdqfhg/
5zkloh v| @4phdqv lw lv sxeolfo| surylghg1 Dqg dv orqj dv 3 ?v |?4 /
sulydwh h{shqglwxuh rq hgxfdwlrq lv vxevlgl}hg1
Hfrqrp|0zlgh uhvrxufh frqvwudlqwv duh jlyhq e| K| ￿ +4￿&q|,k|Q| dqg
Q| ^f| .+4￿v |, h |q |‘.H
}
| ￿\|/ zkhuh Q| lv wkh gdwh w wrwdo qxpehu ri dgxow
djhqwv/ H
}
| @ ￿|+4￿&q|,k|Q|/ ghqrwhv wkh wrwdo wd{ uhyhqxh froohfwhg1 Qh{w/
zh frpsduh wkh shuirupdqfh ri wkuhh hgxfdwlrq uhjlphv= d sxeolf0hgxfdwlrq
uhjlph + ghqrwhg e| i/ iru ￿iuhh￿,> d sulydwh uhjlph zlwk hgxfdwlrq vxevlglhv
+ghqrwhg v,> dqg d sxuho| sulydwh uhjlph+ghqrwhg e| s,1 Wkh yduldeohv ri
lqwhuhvw duh q￿ dqg j￿ ghqrwlqj/ uhvshfwlyho|/ wkh ihuwlolw| udwh dqg wkh jurzwk
udwh xqghu uhjlph m +m @ i>v>s,1 Wkh fkdudfwhul}dwlrq ri wkhvh yduldeohv lv
wkh irfxv ri wkh iroorzlqj wzr vxe0vhfwlrqv1
514 Sxeolf0Hgxfdwlrq Uhjlph
Lq wklv uhjlph/ v| @4 / dqg wkh shu fklog hgxfdwlrq h{shqglwxuh lv h{rjh0
qrxvo| jlyhq e| h| @ ￿|+4￿￿|,+4￿&q|,k|q3￿
| 1Dfrpshwlwlyh htxloleulxp iru
wklv sxeolf0hgxfdwlrq hfrqrp| lv d vhtxhqfh ri doorfdwlrq0surgxfwlrq sodqv
i+f|>q |,>K |j |’fc￿c￿￿￿ vxfk wkdw iru doo w/ dqg jlyhq kf/ Qf dqg ￿|/ +f|>q |,
vroyhv +4, vxemhfw wr wkh exgjhw frqvwudlqw> K| pd{lpl}hv wkh uhsuhvhqwdwlyh
￿up*v sur￿w> k|n￿ @ ￿hk
| k￿3k
| /d q gQ | n￿ @ q|Q|> dqg doo pdunhwv fohdu1
Xsrq vxevwlwxwlrq ri wkh exgjhw frqvwudlqw lqwr +4, xvlqjv| @4 / d w|slfdo
rog djhqw*v sureohp uhgxfhv wr
pd{
’?|￿
ioq^+4 ￿￿|,+4 ￿ &q|,k|‘.o r jk | n￿ . ￿ orjq|j=
Wkh ￿uvw rughu frqglwlrqv iru wkh rswlpdo fkrlfh ri ihuwlolw| udwh ohdg wr
q
s
| @ ￿ ^&+4 . ￿,‘
3￿ 1 Gh￿qh js @ k|n￿k3￿
| / wkh +jurvv, jurzwk udwh ri wkh
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Reylxrvo|/ jurzwk lv kljkhu/ wkh kljkhu wkh wd{ udwh vxssruwlqj sxeolf hgx0
fdwlrq1
515 Sulydwh Uhjlph zlwk dqg zlwkrxw Vxevlg|
Lq wklv vhfwlrq zh frqvlghu wkh fdvh zkhuh 3 ￿ v| ? 4/ dqg djhqwv fkrrvh wkh
ohyho ri shu fklog h{shqglwxuh rq hgxfdwlrq +h|, dv zhoo dv wkhlu ihuwlolw| udwh
+q|,1 Lq wklv hqylurqphqw/ edodqfhg jryhuqphqw exgjhw lpsolhv v| @ ￿|+4 ￿
￿|,+4￿&q|,k|+h|q|,
3￿1Dfrpshwlwlyh htxloleulxp iru wklv sulydwh0hgxfdwlrq
hfrqrp| lv d vhtxhqfh ri doorfdwlrq0surgxfwlrq sodqvi+f|>h |>k |n￿>q |,>K |j |’fc￿c￿￿￿
vxfk wkdw iru doo w/ dqg jlyhq kf/ Qf dqg ￿|/ +f|>h |>k |n￿>q |,vroyhv +4, vxe0
mhfw wr +5, dqg wkh exgjhw frqvwudlqw> K| pd{lpl}hv wkh uhsuhvhqwdwlyh ￿up*v
6sur￿w> k|n￿ @ ￿hk
| k￿3k
| /d q gQ | n￿ @ q|Q|> dqg doo pdunhwv fohdu1 Diwhu vxe0








Wkh ￿uvw rughu frqglwlrqv iru wkh rswlpdo fkrlfh ri h| dqg q| duh
￿q|+4 ￿ v|,^+4￿￿|,+4 ￿ &q|,k| ￿ +4 ￿ v|,q|h|‘
3￿ . ￿h3￿
| @3
￿ ^ & +4 ￿ ￿|,k| .+4￿v |, h |‘^+4￿￿|,+4 ￿ &q|,k| ￿ +4 ￿ v|,q|h|‘
3￿ . ￿q3￿
| @3 =
Djhqwv lq wklv hqylurqphqw gr qrw kdyh dq| fkloguhq xqohvv ￿A￿ 1 4Dv0
vxplqj wkdw ￿A￿ / dqg jlyhq wkh ohyho ri v|/ wkh srolf| uxohv wkdw vroyh
wkh deryh v|vwhp ri htxdwlrqv duh h| @ ￿^+￿ ￿ ￿,+4 ￿ v|,‘
3￿ &+4￿￿|,k| dqg
q| @+ ￿￿￿ ,^&+4 . ￿,‘
3￿1 Revhuyh wkdw zkhwkhu ru qrw wkhuh lv vxevlgl}d0
wlrq ri hgxfdwlrq grhv qrw d￿hfw djhqwv* ihuwlolw| fkrlfhv/ dv lq ]kdqj dqg








|/ lpso|lqj wkdw wkh ihuwlowlw| udwh lv kljkhu xqghu d sxeolf hgxfdwlrq
uhjlph wkdq xqghu d sulydwh uhjlph/ zlwk ru zlwkrxw hgxfdwlrq vxevlglhv1
Ixuwkhupruh/ xvlqj wkh srolf| uxohv dqg wkh gh￿qlwlrq ri v|/ wkh jurzwk udwh





￿3￿+4 ￿ ￿|,+￿.￿|+4 . ￿,,
￿k li m @ v
￿ ￿ li m @ s/
zkhuh ￿ ￿ @ ￿
￿
￿&+￿ ￿ ￿,3￿￿k1 Lw lv vwudljkwiruzdug wr vhh wkdw dv orqj dv
￿| ? +4 . ￿,3￿/ jr Aj R/ lpso|lqj wkdw dq hgxfdwlrq vxevlg| ￿qdqfhg e| d
+glvwruwlrqdu|, lqfrph wd{ hqkdqfhv jurzwk1 Dqg iru dssursuldwho| fkrvhq
￿ dqg ￿5/ jR Aj s/ lpso|lqj wkdw d sulydwh hgxfdwlrq uhjlph zlwk ru zlwkrxw
hgxfdwlrq vxevlglhv rxwshuirupv d sxeolf uhjlph/ frqwudu| wr zkdw lv irxqg
lq Jorpp +4<<:,1
6 Frqfoxglqj Uhpdunv
Lq wklv qrwh/ zh vkrzhg wkdw sxeolf surylvlrq ri hgxfdwlrq/ zkhq ￿qdqfhg
e| d glvwruwlrqdu| lqfrph wd{/ fdxvhv dowuxlvwlf djhqwv wr udlvh wkhlu ihuwlolw|
4Qrwh wkdw vlqfh f ￿k￿￿ /￿$klqfoxghv wkh fdvh zkhuh sduhqwv* suhihuhqfh eldv
wrzdugv txdolw| uhodwlyh wr txdqwlw| ri r￿vsulqj lv wrr vwurqj1
5Lq sduwlfxodu/ ￿ fdq eh fkrvhq wr eh vx!flhqwo| forvh wr k/ lpso|lqj wkdw sduhqwv/lq
wklv hqylurqphqw/ kdyh d vwurqjhu suhihuhqfh eldv wrzdugv txdolw| uhodwlyh wr txdqwlw| ri
r￿vsulqj1 Wklv vfhqdulr lv frqvlvwhqw zlwk wkh ghprjudsklf wudqvlwlrq revhuyhg lq prvw
dgydqfhg lqgxvwuldol}hg frxqwulhv1
7udwh uhodwlyh wr lwv ohyho xqghu d sulydwh0hgxfdwlrq uhjlph1 Zh dovr vkrzhg
wkdw uhsodflqj d sxeolf0hgxfdwlrq uhjlph e| d sulydwh uhjlph zlwk sxeolf
vxevlgl}dwlrq ri hgxfdwlrq/ fdxvhv djhqwv wr frpsohwho| lqwhuqdol}h wkh h￿hfw/
rq wkhlu r￿vsulqj hgxfdwlrq/ ri wkhlu ihuwlolw| ghflvlrqv1 Dv d uhvxow/ ihuwlolw|
lv orzhu frpsduhg wr d sxeolf hgxfdwlrq uhjlph/ zkloh jurzwk lv hqkdqfhg1
Uhihuhqfhv
^4‘ Jorpp/ Jhukdug +4<<:,/ ￿Sduhqwdo Fkrlfh ri Kxpdq Fdslwdo Lqyhvwphq0
w￿/ Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ Yro1 86=<<04471
^5‘ Shurwwl/ Urehuwr +4<<6,/ ￿Srolwlfdo Htxloleulxp/ Lqfrph Glvwulexwlrq/
dqg Jurzwk￿/ Wkh Uhylhz ri Hfrqrplf Vwxglhv/ 93= :880::91
^6‘ ]kdqj Mlh dqg Ulfkdug Fdvdjudqgh +4<<;,/ ￿Ihuwlolw|/ jurzwk/ dqg  dw0
udwh wd{dwlrq iru hgxfdwlrq vxevlglhv￿/ Hfrqrplfv ohwwhuv/ 93= ;680;761
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